Field-induced Gap and Quantized Charge Pumping in Nano-helix 
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We propose several novel physical phenomena based on nano-scale helical wires. Applying a static 
electric field transverse to the helical wire induces a metal to insulator transition, with the band gap 
determined by the applied voltage. Similar idea can be applied to "geometrically" constructing one- 
dimensional systems with arbitrary external potential. With a quadrupolar electrode configuration, 
the electric field could rotate in the transverse plane, leading to a quantized dc charge current 
proportional to the frequency of the rotation. Such a device could be used as a new standard for 
the high precession measurement of the electric current. The inverse effect implies that passing an 
electric current through a helical wire in the presence of a transverse static electric field can lead to a 
mechanical rotation of the helix. This effect can be used to construct nano-scale electro-mechanical 
motors. Finally, our methodology also enables new ways of controlling and measuring the electronic 
properties of helical biological molecules such as the DNA. 



Helical nanostructures occur ubiquitously in self- 
assembled form in both inorganic materialsii^i^ii^ and in 
the biological world^-®. In this paper, we propose sev- 
eral novel physical phenomena based on nano-scale helix 
wires. Firstly, when a uniform electric field is applied 
perpendicular to the helical direction, the electrons mov- 
ing in the nanowire experience a periodical potential due 
to the potential energy difference. Consequently, such a 
uniform electric field can induce a gap in the electron en- 
ergy spectrum, which drives the nanowire from a metallic 
state to an insulating state if the electron density is com- 
mensurate. The general principle behind such a simple 
phenomenon is that a uniform electric field can generate 
a nonuniform potential acting on a quantum wire if the 
quantum wire itself has a curved shape. More generally, 
one can obtain a quasi one-dimensional system in an ar- 
bitrary electric potential by applying an uniform electric 
field to a quantum wire with proper shape. Recent ad- 
vances in nano-technology enables this design principle. 

A more interesting phenomenon occurs when the ap- 
plied electric field is slowly rotated. When the system has 
a commensurate filling and stays in the insulator state, 
a slow enough rotation of the electric field satisfies the 
adiabatic condition and the system will stay in the in- 
stantaneous ground state. During each period T of the 
electric field rotation, integer number of charge will be 
pumped through the nanohelix, thus generating a quan- 
tized charge current. In such a way, the nanohelix in a 
rotating electric field provides a new realization of the 
quantum charge pumping effect proposed by Thouless^. 
The principle behind this charge pumping effect is ex- 
actly the quantum analog of the celebrated Archimedean 
screw invented more than two millenniums ago. By mak- 
ing use of such an effect, one can design a quantized and 
controllable current source. The reverse effect can also 
be studied, leading to the possibility of a quantum nano- 
motor driven by electric current. 

To begin with, we consider a helical wire (as shown in 
Fig. [T]) where the diameter of the wire is d, the radius 
of the helix is R, the helical angle is a, the pitch length 
of the helix is P = 2ttR tan a and the net length of one 



(a) 




FIG. 1: (a) Schematic picture of a nanohelix. (b) The defini- 
tion of length scales d, R, P, L shown for one pitch period of 
a helical wire. 
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FIG. 2: (a) Definition of coordinates and direction of trans- 
verse electric field, (b) Lowest 4 subbands under transverse 
field eER = Qmh^ /Ima^ and L = 30a, with a being the lat- 
tice constant. The dashed line shows the band structure in 
the reduced zone scheme when i? = 0. 



period \s L = 2ttR/ cos a. The carrier density of the wire 
is denoted by n. In the present work, we will focus on the 
case when the helical wire is sufficiently thin so that the 
electron motion can be considered as one dimensional, 
and then discuss later in detail the conditions imposed 
on the one-dimensionality. 

In the continuum limit, the one-dimensional Hamil- 
tonian of a single electron in the nano-helix is simply 



written as 



2m P 



(1) 



with m the effective mass and p the length coordinate 
of the heUx. When a transverse electric field is applied, 
a potential energy term is induced in the Hamiltonian. 
To write it down explicitly, one can define the cylindrical 
coordinate system {r,9,z) as shown in Fig. [21(a), with 
the z axis defined as the axis of the helix. The coordinate 
of a point with length coordinate p is 
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(mod27r), z — psina. 



(2) 



— The Quantum Helical Transistor (QHT). When a 
transverse uniform electric field E = E (cos (j>x + sin (py) 
is applied, as shown in Fig. [11(a), the potential energy is 
given by 



Hci = eE • r{p) = eERcos 



Thus the combined single electron Hamiltonian takes the 
form oi H = Hq + Hd- In this case, the continuous 
quadratic energy spectrum will split into energy bands, 
with first Brillouin zone k € [—tt/L,tt/L). The typical 
band structure is shown in Fig. [H (b). The gap between 
the nth and (n + l)th bands can be calculated by per- 
turbation theory as Eg{n) oc eER{eER/Eo)"~^ in the 
limit eER Eq = Ii^tt^ /2mL'^. For concreteness, we 
shall focus on the first gap n = 1, since it is the largest, 
corresponding to Eg ~ eER. The transverse electric field 
can be generated by applying a voltage Vg — Vgi — Vg2 
on the gate electrodes as shown in Fig. [31 (a). Assuming 
that the helical wire just fits into the gate electrodes, the 
resulting electric field is E — Vg/2R, and therefore the 
band gap is simply given by Eg ~ eVg/2, which is inde- 
pendent of the radius R of the helix. On the other hand, 
the average potential T4 = (Kji + ^92) /2 relative to the 
source-drain potential {Vg + Vd)/2 can be used to tune 
the chemical potential of the wire and thus the electron 
density n. When the chemical potential lies in the first 
gap, the system is an insulator and the corresponding 
one-dimensional filling fraction is riid = 2/L, that is, two 
electrons per helical period. The factor of two arises from 
the spin degeneracy. 

Since the system with such a filling is gapless and con- 
ducting before applying electric field, the transverse elec- 
tric field leads to a metal-insulator transition in the nano- 
helix, and thus defines a new type of nano-scale transistor 
switch, the status of which is "on" when the electric field 
is turned off, and "off' when electric field is turned on, as 
illustrated in Fig. [31 (a). Such a switch can work under 
a source-drain voltage Vsd < Vg/2, so that the chemical 
potential of both leads fie inside the gap. 

To make our discussions here and below more concre- 
tive, we can regularize the Hamiltonian ([T]) to a tight- 
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FIG. 3: (a) Illustration of the on and off state of the nano- 
(3) helix switch. The gate voltage is given by Vg — Vgi — Vg 
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and source-drain voltage is given by Vsd ~ Va — Vd- (b) DC 
conductance of the nano-helix connected with two metallic 
leads. The blue and red line stands for the case with eER — 
and eER — 0.2t, respectively, where the error bar stands for 
the impurity effect with the impurity potential W = O.Obt. 
The dashed line is the conductance without impurity under 
the same electric field eER = 0.2t. The arrow marks the 
first gap induced by electric field. All the calculations are 
done under the temperature T — O.Olt for the helix system 
with iV = 200, L = 20, r/27r = O.lt. The inset shows the 
temperature dependence of conductance with the electric field 
eER = (blue line) or eER = 0.2t (red line). 



binding model: 



1=1 

N 

+eERY^ 



(4) 



/27ra 

cos 



C Ci 



N 

E 



^iC^ Ci 



in which a is the lattice constant and N is the total num- 
ber of sites. The last term stands for quenched disorder, 
with the random potential ((eiCj)) = SijW"^ . To study 
the transport properties in such a mesoscopic system, we 
need to include the effect of leads, which in this one- 
dimensional model can be described by the terms below: 



Lead 



V 



(cJflLk -I- cj^Oiik -I- h.c. 

k 

E E (e(k) - Ma) a|;^ka"k (5) 



k a=L,R 



with Oik and a^jk stands for the annihilation operators 
of electron in the left and right leads, respectively. Then 



the conductance can be calculated bjisis 

taf,{E) = r{ip\G'-{E)\i^) (7) 

in which F — 2TiV^nF with np the density of state on 
the fermi surface of each lead, and a factor 2 from spin 
degeneracy has been included. For later convenience, 
the scattering amplitude tap is defined, in which = 
|1) , = \N) are the local Weinner states on the left 

and right end site of the nanowire, respectively. G^{E) is 
the retarded Green function of the nanohelix, G^{E) = 
[E + iS — Htb — ^] ■ Under wide band approximation, 
the self-energy is S = -|F (|1) (1| + |iV) (iV|). 

The typical behavior of conductance is shown in Fig. [3] 
(b), in which the conductance with and without external 
electric field is compared. The metal-insulator transi- 
tion induced by the electric field can be seen explicitly 
from the temperature dependence of the conductance, 
as shown in the inset of fig. [3] (b). Another important 
information from this calculation is that weak impurity 
W ^ eER can further widen the insulating region in- 
duced by electric field, since the electric-field induced 
subband is much narrower than the original energy band 
in the helix, and thus much easier to be localized by dis- 
order. As shown in fig. [3] (b), under the same disorder 
strength, the first subband of the system with electric 
field is fully localized, while the one without electric field 
remains metallic. 

However, a strong disorder W > eER can dominate 
the effect of electric field and thus kill this metal-insulator 
transition. Another important issue in this system is the 
elecron-electron interaction. According to the Luttinger 
liquid theory, repulsive interaction will make periodical 
potential more relevant and thus further stabilize this 
switch effeclfiS. in summary, the terms that may harm 
this effect are attractive interaction and strong impurity. 
Although we won't involve more quantitative discussion 
in the present paper, a lower-limit estimate to the sta- 
bility of the present effect can be given as W <^ Eg, 
V <^ Eg, with W,V the characteristic energy scale of 
impurity random potential and phonon-induced attrac- 
tive interaction, respectively. Under such a condition, 
the electric field-induced potential scattering dominant 
the interaction and impurity effect and thus the switch- 
ing effect (and also the charge pumping and motor effect 
shown below) remains robust. 

The device concepts discussed so far depend only on 
the periodically curved nature of the helical wire, and 
does not depend on the net helicity of the wire. There- 
fore, these concepts can be equally well implemented by 
patterning a quasi-lD wire in a periodically curved form, 
e.g. a sine wave form, on a plane, and by applying a 
transverse voltage. The helical wire perhaps has the ad- 
vantage of being self-assembled and can be more easily 
realized in the nano-scale. In principle, the same idea 
can be generalized to design an arbitrary potential in a 
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FIG. 4: Schematic illustration of the geometrical design of 
one- dimensional potentials, (a) A straight quantum wire in a 
sine wave potential (blue line) is equivalent to (b) a periodi- 
cally curved quantum wire in a uniform electric field E. (c) 
More generally, a straight quantum wire in an arbitrary po- 
tential V{r) (blue line) is equivalent to (d) a curved quantum 
wire in a uniform electric field E. 

quasi-one-dimensional system. Consider a planar quan- 
tum wire with the shape of function y{x) in an uniform 
electric field E = Ey, then the effective one-dimensional 
potential V{r) is determined by 

Ey'jx) _ dV 

^1 + j/'(.t)2 dr 

in which r is the arc length of the wire. In this way, one 
can obtain a quasi-one-dimensional system in any poten- 
tial V{r) by choosing a proper shape y{x), as shown in 
Fig. m Such a "geometrical design" of one-dimensional 
systems takes the advantage of tunable strength and 
shape of potential energy, and thus can help to produce 
artificial one-dimensional materials with highly control- 
lable electronic and optical properties. In particular, our 
device can realize a light-emitting-diode (LED) with tun- 
able bandgap and color, controlled purely by the external 
gate voltage. 

-The Quantum Helical Pump ( QHP). We now consider 
an adiabatical rotation of the transverse electric field, 
when a more interesting effect emerges in the nano-helix 
system. Experimentally, the rotation of electric field can 
be realized by a set of quadrupolar electrodes, as shown 
in Fig. [5] (a). A rotating electric field with angular fre- 
quency Lo is described by a time-dependent (j){t) — ujt in 
the Hamiltonian In the adiabatical limit huj Eg, 
the gapped system with commensurate filling nid = 2/L 
will stay in the time-dependent ground state. Similar to 
what ThoulesE^ proposed by using a sliding linear peri- 
odic potential, such an adiabatical translation of period- 
ical potential on a gapped electron system can in general 
lead to a quantized charge pumping current 

J = 2Ne^,N eZ, (9) 

in the zero temperature limit, which means N electrons 
per spin component are pumped through the wire sys- 
tem during each period T = 2t: /lu. Intuitively, such a 
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quantized charge pumping can be easily understood 
a quantum version of Archimedean screw. Due to t' 
electric force, the electron density in the lower subbai 
is larger on the side nearer to positive electrode, and 
charge-density-wave (CDW) is induced by the transver 
electric field. Consequently, the high-density region w 
follow the rotation of electric field and thus the coorc 
nate of each electron shifts by one pitch distance durij 
one period of electric field. 

More quantitatively, the current Jpump induced by 
time-dependent electric field can be calculated in tl 
tight-binding model ^ and ([S]) in a similarly way 
the DC conductance:^i^ 



Gr, 



dE r dlfdf{Ey\ 
27r Jo 2Tr\ dE J 



a,f3=±l 



i*aBiE,< 



(1 



A typical result of this calculation is shown in Fi 
[S] (b). As expected by topological protection, random 
disorder can only induce fluctuation of G for gapless sys- 
tem, and leaves the quantized plateaus unchanged. Actu- 
ally, under zero temperature such a quantized adiabatical 
charge pumping is robust under any deformation of the 
Hamiltonian, as long as the subband gap Eg is not closed. 
In particular, even if the two AC voltages applied to the 
quadrupolar electrodes are not perfectly harmonic but 
with some deformations or noises, as long as the electric 
field vector E(t) still encircles the (0,0) point once each 
period, the quantization of pumping conductance (in the 
zero temperature limit) remains robust without any cor- 
rection. In the same way it will remain robust when the 
nano-helix has a different shape as shown in Fig[T](a) but 
with the same helical topology. 

The pumping conductance Gpump at finite tempera- 
ture is simply a convolution of the zero temperature re- 
sult Gpump(r = 0) with the thermo factor -df{E)/dE. 
Consequently, G 



pump 



will deviate from the quantized 
value. However, for a quantized plateu Gpump(7^ = 0) = 
2N/2tt with width Eg, the deviation 5G = Gpump (T) - 
Gpump (7^ = 0) at the middle-point of the plateu can be 

which is 



,/a-Bg/2 



+1' 



estimated by SG/Gpunip{T = 0) ~ — ■ 
exponentially small when ksT <^ Eg. 

Compared with the earlier experiments to realize 
Thouless's charge pumping effect, like those involving 
surface accoustic wavei^^i^ or deformation potential on a 
quantum dot^**, the present realization has the advantage 
of "coding" the topological information directly into the 
geometrical structure of the self-assembled nano-helix, 
whose long periodic structure makes the effect more in- 
trinsic and robust. Our device could have higher preci- 
sion of the current quantization and potentially lead to 
a new standard of current definition.^'"' 

— The Quantum Helical Motor (QHM) As a direct in- 
verse effect of the topological charge pumping, a nano- 



V =V„coscot 




V =V„sincot 



J=Nea)/27i 



(b) 



t: 

0) 



E 2 



a 




-2 -1.8 
|j. (in unit of t) 



FIG. 5: (a) Illustration of the quantized charge pumping ef- 
fect, with four electrodes causing a rotating electric field, (b) 
Pumping conductance Gpump = Jpump/ euJ under zero temper- 
ature(red solid line) and finite temperature T = O.Olt (blue 
dashed line). The error bar shows the fiuctuation induced 
by the disorder strength W = O.lt. The parameters of the 
tight-binding system are taken as A'' = 100, L — 20, eER = 
0.2t,r/2n = O.lt. 



helix in a transverse electric field can work as a quantum 
motor, where a longitudinal current can lead to an uni- 
form mechanical rotation with the frequency, as shown 
in Fig. [5] 



ttJ 

We 



(11) 



This is a direct quantum analog of a propeller or a wind- 
mill. In order to realize this effect, both ends of the 
helical wire should be attached to some kind of molec- 
ular swivel, similar to those described in Ref.~, which 
enables the uni-axial rotation of the helix. It is also pos- 
sible to drive an AC current J{t) through a helical wire 
with fixed ends, which will cause an AC oscillation of the 
helix. However, the AC effect is not as robust as DC 
effect, since the relation between AC oscillation and AC 
current is generally not protected by topological reason. 

The relation (jlip is generally true under any friction or 
other perturbations, as long as Hlo <^ Eg and fcsT ^ Eg 
so that the adiabatical evolution condition is satisfied. 
When there are more frictions, it will be harder to inject 
a current, but the relation between frequency and current 
remains valid. In the extreme case, if the nano-helix is 
fixed, then w = and at the same time J = 0, which 
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FIG. 6: Illustration of the quantum helical nano-motor. 

recovers the switch effect. Suppose there is a frictional 
torque T — —rjoj acting on the helix, then the energy 
cost per unit time is P = —Tuj = 770;^. Consequently, 
one needs a finite voltage V to drive a constant current 
in this helix. The voltage is determined by the energy 
equilibrium condition P = rju'^ = V J , which implies that 
the power of the voltage cancels the friction energy cost. 
Thus we get the relation 

which relates friction to a resistivity. As has been dis- 
cussed in switch effect, the source-drain voltage V must 
satisfy V < Eg /e so es to keep the adiabatical evo- 
lution. Consequently, for a given friction 77, the ro- 
tating frequency of such a nano-motor is restricted by 
w < — and also by the adiabatical condi- 

J\ e H TT7] ^ 

tion hw <^ Eg. 

— More discussions on experimental realizations 
After proposing these three effects, we now analyze the 

detailed experimental conditions for their realizations: 

1. The system is quasi one-dimensional, which re- 
quires Eg <^ E±, Ef ^ -E_L, with E±_ the trans- 
verse excitation gap and Ep = kp/2m the fernii 
energy. 

2. The electron (or hole) filling is commensurate 
nid = 2N/L, NeN. 

3. The adiabatical approximation is applicable, which 
requires (i) temperature fc^T ^ Eg] (ii) impurity 
and attractive interaction energy scale W,U <^ Eg-, 
(iii) rotation frequency of electric field or nano-hclix 

W < Eg/h. 

4. The total length of the nanohelix itot > C = 

so as to prevent the direct tunneling between the 
two ends and protect the topological transport. 

To satisfy the requirements above, an ideal nano-helix 
for our purpose should have thin diameter d, large he- 
lix radius R, long length itot and also be very clean. 



Experimentally, two most possible candidates for this 
effect are helical nano-wires made from ZnO, SiC, CB, 
etCf^i^i^i^ and chiral biological molecules such as RNA, 
DNA and some proteins. To make the discussion more 
concrete, here we give an estimate of the present ef- 
fects in the deformation-free ZnO nano-hclix realized 
in Ref.— . The size of that nano-helix is reported as 
d ~ 12nm, a ~ 40°, R = 15nm, L = 6i?/cosa ~ 123nm 
(the estimate of L is a little different from the previ- 
ous one since the intercept of ZnO helix here is hexago- 
nal rather than round.) If we approximate the electron 
effective mass by the bulk ZnO value m ~ 0.24mJ^, 

then the transverse excitation gap can be estimated as 

,2 

E± ~ 2miP — 44meV. The filling corresponding to first 
gap is = 2/L ^ 1.6 x 10^/cm, which in 3-d unit 
gives ngd = 2/Ln{d/2y ~ 1.4 x lO^'^/cm^. The corre- 
sponding Ep = fi^kp/2m ~ O.lmeV. Thus the condi- 
tion Ep <C E± is always satisfied, and condition Eg <C 
E± ~ 44meV requires the electric field i? <C 3 x lO^V/m 
or gate voltage Vg ^ 88mV. The ^ in condition (4) is 
^ — h^kp /mEg ~ 1.6nm, thus the condition (4) is always 
satisfied. If we take an electric field E = 3.3 x lO^V/m 
or Eg = eER = 5meV, then the conditions 3 requires 
i) T < QQK; ii) in condition 3, W^, fJ < 5meV; iii) 
Lo ^ 7.6 x lO^^Hz. In summary, such an effect should 
be observable in a wide temperature range for the ZnO 
nanowire in Ref.'^, if it is clean enough and the doping 
can be controlled well. (To avoid impurity effect, the 
filling should be controlled by gate voltage rather than 
chemical doping. ) 

Compared to the inorganic nano-helixes, chiral biologi- 
cal molecules such as RNA, DNA or protein may have the 
advantage of better one-dimensionality, which implies a 
larger transverse gap E^, since they can be much thin- 
ner than the nano-wires. For the effects proposed here 
to be observed, one needs to find molecules which are 
semi-conducting and have a good one-dimensional energy 
band. In a recent review article^, transport properties of 
various DNA molecules are summarized, some of which 
show semiconducting behavior. If for some molecules 
E± > leV, then it's possible to observe the effect at 
room temperature with voltage Vg > 200meV ^ 2kBT ~ 
60meV. 

In summary, in this paper we proposed three related 
effects in quantum helical systems under a transverse 
electric field. Under a slowly rotating electric field, a 
nanohelix with commensurate filling works as a quan- 
tum Archimedean screw. The experimental conditions 
to realize such effects are shown to be feasible for present 
experimental techniques. Since helical structures occur 
naturally in the biological world, the principles discussed 
here also provides new methods to control and detect 
biological molecules. 
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